The inputioutput relationship of a class of crisp-type fuzzy logic controllers (FLCs) using parametric t-norm-sum-gravity inference method is examined. The explicit mathematical form of reasoning surface using Dubois and Prade's parametric t-norm is addressed. Reasoning surfaces of crisp-type FLCs are proved to be composed of a two-dimensional multilevel relay and a local position-dependent nonlinear compensator. The influence of the a value, the parameter of Dubois and Prade's parametric t-norm, on the reasoning surfaces is also investigated.
Introduction
Much emphasis has been placed on the field of fuzzy logic controllers (FLC) since the introduction of fuzzy sets [l] . Owing to the intrinsic parallels between reasoning procedures of FLCs and those of the human operators, FLCs stand out as a viable alternative to those processes that are difficult to control.
Since the advance of the first FLC proposed by Mamdani [2] , there have been numerous applications of FLCs suggested in almost every field from water quality control to automobile transmission control, and from fuzzy memory devices to fuzzy computers (see [3] ). Most of the applications are, however, based on intuitive implementation of domain experts' experiences rather than systematic derivation of the operators used in FLCs. This approach complies with the very concept 'fuzziness' of fuzzy logic, but some important features of FLCs are thus concealed and cannot be gleaned by the designers. Furthermore, theoretical analysis of the basic properties of fuzzy control systems are usually considered as impossible or impractical. This prevailing notion makes the theoretical analysis of FLCs appear to be trivial work for designing FLCs and is not reversed until recently.
A thorough review of the design of FLCs and a solid collection of mathematical analyses for FLCs from a theoretical perspective are given in [3-61. In [4, 7- analyses clearly describe inputioutput relations of FLCs under some specific restrictions of membership functions, rule base and inference methods. However, the significance of these investigations is downgraded by some impractical premises proposed in them. For example, all the membership functions adopted in [lo, [13] [14] [15] are equally spaced triangles. However, it has been shown that the control ability of an FLC equipped with uniformly distributed triangular membership functions is inadequate for complex systems [lo, 111. On the other hand, in [ I I , 121, the restriction of membership functions has been chosen to include unequally spaced triangles. However, the inference operator is based only on the so-called product-sum-gravity method, and the analyses have been focused on the similarity and difference between the FLC and the linear PI controller. Recently, Chen et al. [4, 161 have extended the FLC analyses to adopt arbitrarily distributed triangular fuzzy partitions and to apply four frequently used tnorms for inference.
This article aims to generalise the theoretical analyses given in previous related researches [4, 10, [12] [13] [14] [15] [16] . Therein, the crisp-type output membership functions and the triangular-type input fuzzy partitions can be nonuniformly spaced, and the Dubois and Prade's parametric t-norm is applied, as an illustration, in evaluating true values of the control rules. The parametric t-norms, although not widely implemented in practical control procedures, possess the merits that they can be turned into nearly all types of nonparametric t-norms used in applications such as the standard fuzzy intersection (the minimum) and/or the algebraic product by only modifying their parameters. This feature is advantageous to both the FLC designer and field operators, because they can alter the behaviour of the FLC without first changing its operators. The explicit inputioutput relations for the FLCs using the Dubois and Prade's parametric t-norm-sum-gravity inference methods will be derived in this paper. The influence of applying various a values in the Dubois and Prade's parametric t-norm for inference on output patterns will be studied in this paper. It is expected that these analyses can provide some insight for effective FLC design and tuning.
As the architecture of the FLC used in the following derivation is the same as that of [16] , only an essential description is included here.
For an FLC with two inputs (error e and change in error r) and one output (change in controller output U), the associative universes of discourse for e, r, U are all set to be [ -1, 11 for convenience, and therefore e, and r,, the sensored values, are converted to e* and r*, the actual input values of the FLC, by scaling factors GE and GR. Fig. 1 
The assignment of principal values can be performed arbitrarily as long as the given conditions are observed. This type of membership functions (for either triangular fuzzy partitions or fuzzy singletons) is denoted as unequalspan membership functions (USMFs). In addition to the USMFs, two types of systematically allocated membership functions are also used in this research to derive some important properties. The first type is the shrinking-span inDut membership function (SSMF) [17] 
For simple rule base, f(i, j ) = i + j .
In the decision-making step of FLC, under the assumption that m, = m r =m, given input pattern e* and r*, a series of fuzzy operators, [F, 0, A and D are used to obtain the final output action [ 171:
Rj(r*)), u~(;~)(U)II)
The [F calculates the firing level, q5j,j = [F(Ei(e*), R,(r*)), by using t-norm operator for each rule in the rule base; 0 and A perform the implication and aggregation of the FLC, respectively; and D converts the aggregated output fuzzy set U(u) into a single crisp output value U*. In this article, the authors have chosen the summation for A, the centre of area (COA) method for D, and the algebraic product for 0. However, as the output membership functions are fuzzy singletons, the choice of 0 is irrelevant to the final inference result. As for the [F operator, the Dubois and Prade's parametric t-norm described in Section 3 is employed to find the firing levels. This type of fuzzy controllers is named the crisp-type FLCs using parametric t-norm-sumgravity inference methods by the authors. The final crisp output U , for such crisp-type FLCs is [12, 131: Hence, it is straightforward, from eqn. 4, that U* is bounded by the maximal and minimum of the four centroids, and, for simple rule base, it is and r is Rj+l then U is Uf (j+l,j+ll; U;"+, 5 U* 5 uI*+1+2
The details of the input/output relations of these FLCs will be described in the following Section.
Mathematical input-output relation of the FLC
According to eqn. 4, the final control output cannot be obtained without first acquiring the firing levels. Generally speaking, the t-norms used to find the firing levels in practical applications are, for their simplicity, either fuzzy intersection (min) or algebraic product. However, the parametric t-norms, although not widely implemented in practical control procedures, possess the merits that they can be turned into nearly all types of nonparametric tnorms used in industries by only adjusting their parameters.
Many classes of parametric t-norms have been proposed to perform fuzzy intersections of various strengths, such as Hamacher, Frank, Dubois and Prade, Yager, and Weber, to name just a few (see [18] for a list of main families of parametric t-norms with detailed discussions). Without loss of generality, the authors have chosen the Dubois and Prade's parametric t-norm for subsequent analysis because of its simplicity (it has simple functional form with bounded parameter range) and flexibility (it covers the whole useful range of t-norms with algebraic product and standard intersection as its lower bound and upper bound, respectively). Notably, it is possible to conduct similar examination by using other simple parametric t-norms such as Weber or Hamacher families.
This Section provides a clear derivation and some important properties for the USMFs-FLCs using the Dubois and Prade's parametric t-norm-sum-gravity inference methods.
Because some common features are shared by all ijth blocks, it is more convenient to defined a normalised ijth block, a unit square, by setting the normalised input values F = (e* -ET)/(ET+, -ET) and R = (r* -Rj*)/(Rj*+I -R;) than using e*, r* alone. And hence, for input pattern (e*, r*) E ijth block, the four nonzero membership values are Ei+l(e*) = E , E,(e*) = 1 -E , Rj+l(r*) = R, and
Rj(r*)= 1 -R.
In order to find the firing levels listed in eqn. 4, a t-norm operator must be choose to perform this task. Here, for reasons stated in the beginning of this Section, the authors use the Dubois and Prade's parametric t-norm defined below as the fuzzy intersection operator (see [18] ):
zn (a, 6 ) = min(a, b) ,(a, b 5 U,,,(a,  b) 5 Umln(a, b) . The firing levels of the four rules listed in the preceding Section are, therefore:
Owing to the max operator shown in the equation for U, , , , the relative magnitudes of E , R and a determine the inference results and, therefore, some partitions are made in the three-dimensional space constituted by E, R and a to emphasise the relationship among them.
For variables (E, R), it has been shown that [4, 161 there are four different combinations of the magnitudes of ( E , R), and these four regions are designated as regions 1 -4 as shown in Fig. 2 . The same partitions can be applied to (R, a) and ( E , a) , and the relative magnitude of e, R and a in these regions are all shown in Table 1 .
Because the range of the three variables are all of [0, 11, a unit cube is formed by applying the three variables as three co-ordinates. Slicing the unit cube along the two diagonal lines on E-R-0 plane, 0-R-a plane and E-0-a plane, respectively, as can be shown in Fig. 3 
inference results for all four rules fired. Fig. 4 depicts the four cones with base on the E-R-0 plane, denoted as c ,~~, i E { I , 2, 3, 4) . Subscripts i, j and k of the cone cqk mean that the projection of the points of the cone would fall on region i of the E-R-0 plane, region j of the 0-R-cc plane and region k of the e-0-cc plane, respectively.
For the normalised inputs E and R, the firing levels of the four rules within each of these 24 cones are shown in Table  2 . By applying the firing levels listed in Table 2 , the explicit mathematical form of final output GU x U* of the USMFs-FLC, under the assumption of simple rule base, can be expressed as the sum of a global part, GU x UT;, and a local part, GU x U;.
The value of the global part of the crisp output, regardless of the c( value, is determined by the specific ijth block in which (e*, r*) is located and is a constant across the four regions within the ijth block. However, as can be shown in Theorem 1, the local part varies with the values of e*, r* and a.
Theorem I: For the crisp-type USMFs-FLC using the Dubois and Prade's parametric t-norm-sum-gravity inference method and simple rule base, let &=(e* 
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wq+, -q + 1 , -(1 -WJA;, -U;) region If a = 1, the Dubois and Prade's parametric t-norm is then an algebraic product, and the local nonlinear compensator becomes
(iii) The effects of distributions of principal values for e, Y and U on final reasoning surface, for both global and local parts, can be further investigated. Without a loss of generality, only the SSMFs-FLC and ESMFs-FLC are illustrated in the following. For input variables of the SSMFs-FLC, the values of se and s, influence the location and the shape of the ijth block in the domain U, x U,.. In light of this, a specific set of (e*, r*) may be located in a different ijth block for different se and s, values and thus, may instigate distinct control rules in obtaining the final output. Regarding the output variable U , different effects are induced for U : and U; by changing the shrinking factor s,. For UT;, modifying s, only changes its magnitude.
However, for U;, both magnitude and nonlinearity are altered by varying the value of s,. 
Conclusion
This study has examined the inputloutput parametric relationship of a class of crisp-type fuzzy logic controllers using the Dubois and Prade's parametric t-norm-sum-gravity inference method. The topology of the FLCs being studied is defined as follows: (a) the input membership functions are composed of a series of unequally spaced triangles and the output membership functions consist of a set of singletons (the crisp type); (b) the Dubois and Prade's parametric t-norm is used in calculating the firing level and implication of each single control rule; (c) the inference results of all control rules are summed together to produce a final output fuzzy set; and (d) the centre-ofgravity method is used for defuzzification. The explicit mathematical expressions of reasoning surfaces for the FLCs, using different CI values of the Dubois and Prade's parametric t-norm as the firing operator, are addressed. The reasoning outputs of these FLCs are decomposed into two parts: a two-dimensional multilevel relay which is independent of the t-norm used and a local nonlinear compensator with different output patterns according to the CI value of the Dubois and Prade's parametric t-norm. Such theoretical analysis is significant for illustrating the inner characteristics of fuzzy logic controllers.
